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1. INTRODUCTION 
For given natural numbers I and k, 1 5 1 Sk, and any positive integer n, 
let d(l, k; n) denote the number of (positive) divisors of n which are 
congruent to 1 modulo k. The average order of d(l, k; n) for varying n is 
described by the summatory function 
D(-x) = D(Z, k; x) = 1 d(l, k; n). 
n 5 II 
To establish asymptotics for D(I, k; x) is thus a generalization of the 
classical Dirichlet’s divisor problem (/= k = 1). It is known that 
D(i,k;x)=;logx+ y(i,k)+;(y-I) x + d(l, k; x) (1) 
with 
A(l, k; x) = 0 (2) 
for some 9 < f, uniformly in 15 k 5 x (see [63). Here y is Euler’s constant 
and 
~(1, k) = lim 
x-902 
( 1 ;-~logx). 
nsx 
n=l(modk) 
(3) 
In fact, the recently developed “discrete Hardy-Littlewood method” (see 
Iwaniec and Mozzochi [3]) may be applied to prove (2) for any O>&. 
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The purpose of the present paper is to derive a lower estimate for 
A(/, k; x), in the spirit of Hardy’s classic result [2] 
d(l, 1;x)=Q+((xlogx)“4loglogx) 
and Hafner’s comparatively recent refinement [ 1 ] 
A( 1, 1; x) = 52 + ((x log x)1/4 (loglog x)(l’4’(3 + 2’0g2) 
xexp(--cd=)). 
It will turn out that (apart from a marginal loss of accuracy in iterated 
logarithmic factors) the estimate depends on whether the ratio I = f/k can 
be bounded away from two values I,, A2 which are defined as the roots of 
the equation 
-log(2 sin(nl))+&-i=O (4) 
(thus A., =0.03728310 . . . . A, =0.67181895...). 
THEOREM. Let Z denote an compact subinterval of (0, 1) which does not 
contain 2, and il,, andput a = - 1 ifZc (A,, A,), CJ = 1 otherwise. Then there 
exists a positive constant C depending on Z such that there are arbitrary large 
values of T= x/k satisfying 
CT d(Z, k; kT)> C(Tlog T)“4 (logloglog T)P1’4, 
for any 1, k E N with A = I/kE I. In particular, if I, k are fixed positive 
integers, I < k, and x + CO, 
A(/, k; x) = Q _ ((x log x)1/4 (logloglog x)-1’4) 
for l/k < A1 or l/k > I,. 
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2. AN AUXILIARY MEAN-VALUE THEOREM 
PROPOSITION. For D:(x) := s;; D(Z, k; kt) dr, x -, a, we haoe 
D:(x)=;x210g(kx)+ q+$(l,k)-; ( ) x2 
J2 --x 
4n2 
‘I4 ,fT, (mn)-5’4 
xcos 4nfi&+~-2nn~)+O(x114) 
( 
un$ormly in k and I < k. 
ProoJ: We employ the classical method due to Landau [4, p. 177, f]. 
Throughout the sequel, let u denote positive integers which are congruent 
to 1 mod k; furthermore, m, n E N and h E N,. Let 
D,(x) :=s‘D(I, k; t)dt=l-Y c 1 dt 
0 0 um~r 
(b(t) := c (X-mt) (5) 
m 5 x/t 
(hence d(t) = 0 for t 2 x). By a straightforward application of the Poisson’s 
summation formula, we obtain (cf. [4, p. 177, f. (30)] 
(6) 
Let 6 denote some sufficiently small positive real number such that 
x/bk E N. Then the formally infinite summation in (5) may be restricted to 
6 5 u S x/6. Thus 
D,(x)= 1 d(u)= 1 4U + hk) 
6 5 u $ */a 6/k ~ 15 h 5 x/6k - 2. 
s 
x/6k - A 
= &I+ kt) dt 
S/k-i 
qi(I + kt) cos(2nnt) dt (7) 
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(where 1, = Z/k). Here the first integral equals 
1 x/6 
[ 
k6 
d(t)dt=k 1 [r’m(x-mt)dt 
mcx/L5 6 
1 
=- 
k z( m d xl6 
&X2-X6T;S2 
1 
=Ti 
1 
=2kx210g-+- ; ; (5-i) x2+0(1), (8) 
where o( 1) refers to 6 --f 0 (the other variables being considered fixed at this 
stage). To compute the contribution of the first two terms in (6) to the 
infinite series in (7), we infer from Poisson’s formula that (cf. also (3)) 
2 f [xi- (’ 
x*(l+kt)-‘-ix cos(2m) dt 
n = 1 6/k -I 
= ,,,z,a,-, (;xi([+hk)-‘-;x)-;j+;~;‘(x2(f+kl)l-x)dl 
In view of (6), (8) and (9) formula (7) may be simplified to 
D,(x)=&x210gx+ &--$+;y(l, k) x2 
> 
+oU)+$ f U,,“, 
wl,n= 1 
(9) 
(10) 
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where 
1 x/dk ~ i. 
u m,n =z 
s m  6Jk -I 
(l+ki)(l-cos(2nm&))cos(2nnt)dr 
1 1 .J/B 
=-- 
I m2k 6 
i(l-cos(2nmf))cos(2nn(i-i))dr. 
We substitute u = 2nn( t/k), let 6 + 0, and obtain 
with 
F,(w):=jOav(l-cos(;))cosel, 
FJw) := jOX II (1 - cos (a)) sin v dv. 
Applying integration by parts it follows that (cf. [4, pp. 174 and 172) 
F,(w) = w jOm i sin u sin (4) du + O(W”~) 
=w jOmisin(t) sin( wv) du + O( w’14) 
for w  2 1. By the appropriate formula for the Fourier sine transformation 
(e.g., [7, p. 1373) and the usual asymptotics for Bessel functions, 
F,(w) = -; J;; wJJ4 cos(2Ji+3+o(w”4~. 
In the same way we obtain 
F*(w)= -f&3/4 sin(2&+:)+O(w”4). 
Entering this into (11) and observing that, by definition, D:(x) = 
(l/k) D,(kx), we complete the proof of the proposition. 
DIVISOR PROBLEM 179 
3. PROOF OF THE THEOREM 
It follows from (1) and the proposition that 
d,(x) := f‘ /I(/, k; kt) dt 
0 
= -&3!4 - 
4n2 I, (mn)-5’4 
xcos 
( 
4n&&.J+2nnl +o(x”4). 
! 
(12) 
Let [a, b] denote any compact subinterval of R + and g(t) some 
continuously differentiable real function, then we may multiply (12) by g’ 
and integrate termwise over [a, b]. Applying intergration by parts and 
using (12) again for the limits a and b, we obtain 
i 
b 
A(/, k; kt) g(t) dt = - 
u 
n L$ f= (mn)-3’4 jb t”4g(t) 
m,n 1 LI 
xsin 4n&,ft+t-2nnl dt 
( ) 
+ 0 5’ t”4 Ig(t)l dt 
( 0 ) 
. (13) 
Substituting t = w2, f(w) = d(l, k; kw2)w-‘j2, h(w) = g(w2)w3’2, this reads 
s ; f(w) h(w) dw = 
xcos(4n&iw-a-2mi)dw 
lh(w)l dw (14) 
Now let TE R! and ME lV be large parameters, then we choose a = ( T- 1 )‘, 
b=(T+ 1)2, h(w)=K,(w- T) where 
is a FejCr kernel. It is well known (see, e.g., [7, p. 19; 1, p. 1851 that 
s 
1 
e4niP”KM( u) dv = 
l-P/M+O(P-1) for O<P<M, 
-1 o(p-‘), for PZM. 
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Thus we deduce from (14) that 
JM( T) := y;,’ S(w) K,(w - T) dw 
(mn)-3’4 cos(4rt J&z T-a,) + O( 1) 
(15) 
with a, = n/4 + 2xnl. Now let To E Iw + and q E N at our disposal, then by 
Dirichlet’s approximation theorem there exists a value of T with T,, 5 Ts 
qM2T,, such that {& T} 5 l/q f or all m, n with mn 5 M2. ( { .} denotes 
the distance from the nearest integer.) Consequently, if we put 
H, := 1-e) (mn)p3’4cosa,, 
it follows that 
J,(T)-H,=O 1 (mn)-‘/‘)+0(l) 
m?l5M* 
Now 
(16) 
(17) 
where 
S(t) = 1 cos cc, 
mn$t 
is the Dirichlet’s summatory function of the coefficients of the series for 
i(s) Z(S) (in the half-plane Re s > 1 ), 
Z(s) := f (cosa,)nps (Re s > 0). 
“=I 
If Z( 1) ~0, c(s) Z(S) has a simple pole in s = 1, and it follows, e.g., by a 
standard contour integration argument (starting with Perron’s truncated 
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formula and shifting the line of integration to the left of Re s = l), that, for 
t-+co, 
&s(t)-Z(l)t 
uniformly in AEZ. We note that 
(18) 
Z(l)=-+ t ~cos(2nni.)- 2 isin(2nnl)) 
J( n 1 n=l 
1 
=- J( - 2 log( 2 sin x1) + xl - 5 ) 
(cf. [S, p. 2251, hence Z( 1) < 0 for A, < 3, < 1, and Z( 1) > 0 for A < 1, and 
A > I, (cf. (4)). Entering (18) into (17) and integrating by parts, we obtain 
(19) 
(where o( 1) refers to M + co). For arbitrary given T,, we now choose 
A4 > T,, and q = [co log M], where q, is a sufficiently large constant. 
Recalling that T,, 5 T 5 q”“T,, we infer that 
log T$ M2 loglog M, 
hence 
M$ (log T)1’2 (logloglog T)p”2. 
Thus it follows from (16) and (19) that 
aJ,(T)> C’(log T)“4 (logloglog T)-“” 
(C’ an appropriate positive constant, 0 being defined in the theorem) for 
some Tz To. Since KM(u) 2 0 and 
s 1 o-cc, s K,(o) dv 5 C, -1 
uniformly in A42 1, there necessarily exists a value T’ with T- 1 5 T’ 5 
T+ 1 for which 
af( T’) > C(log T’)1’4 (logloglog T’)-“4. 
Recalling the definition of f (see (14)) we complete the proof of our 
theorem. 
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Note added in proof: It is a natural question to ask whether i/k can be equal to one of the 
exceptional values 1,. ,l?. The answer is “no,” since (4) is equivalent to 
If  I were rational the left hand side would be transcendental (since so is er), whereas the right 
hand side would be algebraic (since e”’ = - 1). 
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